We study theoretically and numerically high density of states for hyperbolic bilayered metamaterials (HMM). It reveals that density response of HMM is reminiscent of Fermi electronic band structure of metal or semiconductors. By the method of Green function a van Hove type singularity is found in photonic density spectra of HMM with saddle point localization on photonic Fermi surface (FS) of metamaterial. Similar to the electronic systems, the photonic FS experiences instabilities induced by the changes in volume fractions of its constituents that leads to the Lifshitz type zero-temperature phase transition between FS of types I and II hyperbolic states at the topology protected critical point.
Properties of condensed matter materials are highly determined by their surfaces. One of the key parameters that determines a material properties is the electromagnetic (photonic) density of states (DOS). Over the last few decades there have been many attempts to exploit a variety of systems with high density of states [1] [2] [3] . Microcavities and photonic crystals as well as plasmonic systems based on metal nanoparticles can be considered as the most promising candidates for producing high DOS. However, these approaches imply a set of restrictions on spectral width and resonance position which creates difficulties in their practical use. As promising alternative is an artificial metamaterials with a hyperbolic dispersion. This system could simultaneous excite a large number of electromagnetic states producing a broadband DOS enhancement. Recently it has been attempts to bring a concept of symmetry in topological order to the simple HMM systems [4, 5] though a rigorous evidences of the non-trivial topological behavior were not established. Later, an appropriate justification of topological behavior of HMM was provided but for the more complex system with magnetic chirality [6] . In this manuscript we discuss some symmetry aspects that nevertheless arise in the DOS behavior of the topologically trivial HMM systems.
The change in Fermi surface in metals and semiconductors from an open topology to a closed one is directly related to singularities in the density of states of HMM (Van Hove singularities [9] ). By the method of Green function we analyze the positions of these singularities and compare them to positions of phase transitions and photonic Fermi band structure. We found these transitions to those for the band structure of the metals or semiconductors.
We present a complete description of the spectral response of the composite HMM system using the example of a multilayer stack of silver and silica (see Fig.1 ). The system is illuminated by an incident TM polarized wave, assuming propagation of plasmonic modes inside HMM along the x-axis. Due to the nontrivial symmetry, the photon isofrequency surface inside of HMMs defined by the properties of an extraordinary (transverse magnetic polarized) wave, which is given by [10] 
with having either ǫ < 0 and ǫ ⊥ > 0 for type I or ǫ > 0 and ǫ ⊥ < 0 for type II as shown in Fig.2 . Looking at the band structure of the FS (see Fig.1 (b-c) and Fig.2 ) one may notice similarities with the classical Lifshitz [7] phase transitions that were initially found in conditions of high pressure and low temperature in the momentum space of FS of solids with a change in the chemical potential which is reminiscent of the change of volume fraction of metal. Indeed, the phase transitions between the different types of HMMs shown in Fig.2 can thought of as a Landau-like transitions. By definition these phase transitions occur between phases with different symmetry groups and have a trivial topology with zero Berry curvature and topological charge [8] . Though these phase transitions may possess topological character with the presence of nonzero topological charges, it generally occurs when timereversal or inversion symmetry becomes broken which typically requires the presence of a magneto-optical material within the stack [6] . However, within the model considered in this manuscript, we restrict ourselves only to the trivial Landau-type phase transitions in a HMM. It is well known that as local perturbations of the bulk cannot affect properties of the edge states, these edge states are said to be topologically protected [11] . Our direct calculations demonstrate that transition point between hyperbolics of types I and II occurs at f = 0.5 (see Fig.2 ), as it follows directly from the solution of transition equation ǫ ′ · ǫ ′ ⊥ = 0, is robust against changes in the dielectric constants of the metallic or dielectric layers as long as hyperbolic state is preserved. That brings us to a comparison in the topological protection of the given state with 3D gapless electronic systems as topological insulator [12] , where Dirac points are topologically protected by property of the momentum conservation. Here, for the photonic systems, the same mechanism of the momentum conservation leads to formation of the saddle point and the van Hove type singularities in the position of the Type I and Type II phase transition.
Our approach is based on the Green's function method to characterize the surrounding media, which will allow obtaining the enhanced density of states of the HMM.
Here, we are concerned mostly with near field interaction of an incident light with the surface of HMM given in form of Sommerfeld integral [13] [14] [15] 
where r = (σ, z) and r ′ = (σ ′ , z ′ ) are corresponding coordinates of the source and observation points, σ = x 2 + y 2 , and χ(q) = q 2 − k 2 . The operatorD(q) is a function of the Jacobi rotation matrix and reflection coefficient [15] . Exact analytical evaluation of the Green function tensor can be very cumbersome. However, for certain geometries, the expression for the Green tensor can be significantly simplified. In particular, a suitable analytical expression can be obtained with incident TM field when emitter's dipole is oriented perpendicular to the surface of the hyperbolic metamaterial (see Appendix [16] ). It further can be simplified by performing volume averaging to obtain a suitable expression for the Green function inside of the metamaterial. It can be shown that Green function can be presented with short-distance expansion in powers of (kL), where L is a characteristic length, defined as the distance from the point of observation to the reflected position of the source with respect to the plain interface.
where zero order of expansion
would correspond to the non-radiative (non-emissive) part of the Green's function
and where the characteristic length L reduces to Z coordinate. Parameter R 12 , which can be interpreted as a reflection coefficient of p-polarized light in the limit of high k-waves [4, 17, 20] , was derived in [16] 
where ǫ 0 = 2.2 is a dielectric constant of medium above HMM. The two independent components ǫ ⊥ = ǫ x = ǫ y and ǫ = ǫ z of the HMM uniaxial tensor are determined by Maxwell-Garnett formulas for effective medium approximation. While this approach generally overestimates value of the density of states [17] [18] [19] , it serves as a first approximation for the purpose of this paper. For a multilayer HMM, components of dielectric uniaxial tensor can be found [21] as
where ǫ m and ǫ d are dielectric constants of the aluminium and silica, respectively [22] and f is the metal filling fraction. By knowing the expression for the Green function it is easy to find a density of states of the source located in the upper half-space over the surface of hyperbolic metamaterial. Its distance dependance can be derived by using the above mentioned Green function approach [23] 
Using equation (6) it can be expressed as a near field enhancement of the electromagnetic vacuum density of
which becomes large at the small distances from interface of HMM when contribution of the evanescent field is dominant over its propagating counterpart from vacuum oscillations. To determine the density of states inside of HMM, we perform standard averaging by replacing delta function in the limit r → 0 by 1/a 3 , where a is a characteristic size of the HMM unit cell. Then, density of states becomes
where we use natural wavenumber cut-off k m ∼ 1/a related to the limits of the effective medium approach introduced in [24] [25] [26] . Here we should note that this density of states would be significantly smaller in value than the one induced by surface modes (Eq.9) at distance less than a.
To illustrate singular properties of HMM's density of states we have conducted numerical calculations for a multilayer hyperbolic stack with periodically placed silver and silica layers (see Fig.1(a) ). A numerical analysis of expression (10) for this material reveals a set of a van Hove type singularities [9] in the density of states (see Fig.3 ). Those singularities are also shown in Figure 4 where, as in classical Fermi systems [4, 7] , changes from an open to a closed surface are directly related to the singularities in the density of states of an HMM and occurs at the saddle point where the derivative of the density of states diverges [27] . One may also notice that subsequent increase of the metal fraction leads to formation of the surface plasmon response of HMM for silver resonance region. While the photonics band structure starts to show up already at the small metal fractions (see, for instance, appearance of the thin bands of HMM type II in Fig.5 (b,d) or phase transition between HMM type I and elliptically dispersed medium in Fig.6 ), it is interesting to consider situation of direct transition between two states of different hyperbolic dispersions (type I and type II) that corresponds to touching 3D Dirac point (see Fig.5(a) and Fig.7 ). In our case, that happens at the spot of the highest symmetry in the system when the volume fraction of silver is f = 0.5, which appeared to be stable with respect to distortions or imperfections along the interface. One may also relate an observed singularities in the density of states to well-known Fano resonances [29] that appear at the point of interference of the high k-modes that belong to the both types of HMM. The striking difference from Fermi systems is the absence of a continuously changing parameter used as a varied difference between chemical potential of the system and its surface energy. For the massless bosonic systems such as light the chemical potential is equal to zero, which means a gapless state when optical phase transition is passing through the saddle point. The bandgaps can be opened either by breaking P or T symmetries making above mentioned phase transitions topologically non-trivial [30] . Then density of states would demonstrate really zero values instead of the local minimums presented in this paper. We leave that subject to our forthcoming publications. In conclusion, we performed a theoretical and numerical study of the high density of states of hyperbolic metamaterials. We reveal that the general behavior of HMM photonic density response is reminiscent of Fermi electronic band structure of metal or semiconductor with local minimum, maximum and saddle point positions defined by photonic bands which are related to the optical transitions between hyperbolic and elliptical material phases. Employing the Green function formalism for multilayer HMM systems, we found a topology protected critical point which appeared to be a saddle point of the system's density of states when the optical phase transition between "neck disrupted" and "neck touched" topologies takes place.
